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Abstract
We investigate the ground state (GS) of a collisionless Bose-Einstein condensate (BEC) trapped in a soft one-dimensional
optical lattice (OL), which is formed by two counterpropagating optical beams perturbed by the BEC density profile through
the local-field effect (LFE). We show that LFE gives rise to an envelope-deformation potential, a nonlocal potential resulting
from the phase deformation, and an effective self-interaction of the condensate. As a result, stable photon-atomic lattice solitons,
including an optical component, in the form of the deformation of the soft OL, in a combination with a localized matter-wave
component, are generated in the blue-detuned setting, without any direct interaction between atoms. These self-trapped modes,
which realize the system’s GS, are essentially different from the gap solitons supported by the interplay of the OL potential and
collisional interactions between atoms. A transition to tightly bound modes from loosely bound ones occurs with the increase
of the number of atoms in the BEC.
PACS numbers: 03.75.Lm; 42.65.Tg; 05.45.Yv; 31.15.Ne
The profound importance of the use of optical lattices
(OLs) in atomic [1, 2] and molecular [3, 4] physics is well
known. These studies assume that the interaction of an
atom or molecule with counterpropagating laser beams
illuminating the gas generates a periodic lattice poten-
tial [5] (a similar method is used for inducing virtual lat-
tices in photorefractive crystals, which support a great
variety of patterns [6]). In fact, there are two aspects of
the interaction of the atomic gas with optical fields [7].
First, the field produces a density perturbation in the gas
through the effective dipole potential. Second, the OL in
an inhomogeneous BEC may be affected by local vari-
ations of the density-dependent refraction index, which
is called the local-field effect (LFE). This effect is often
ignored for far-off-resonance counterpropagating optical
beams in dilute atomic and molecular gases, i.e., the re-
spective OL is assumed to be rigid [1–3, 5]. However, the
deformation of the OL by the LFE correctly explains [8]
the asymmetric diffraction (an asymmetric momentum
distribution of scattered atoms) of a Bose-Einstein con-
densate (BEC) on counterpropagating beams with un-
equal intensities [9]. We call such a deformable OL a soft
lattice.
The present work aims to demonstrate that the dis-
tortion of the blue-detuned soft OL by the LFE in-
duces effective interactions in the collisionless BEC,
which may be accounted for by three terms: an
envelope-deformation potential, a nonlocal potential re-
sulting from the phase deformation, and self-interaction.
Through these terms, the LFE gives rise to (bright)
photon-atomic lattice solitons without the s-wave in-
teraction between atoms, which represent the system’s
ground state (GS). The analysis presented below reveals
that a transition from the extended GS to a strongly
localized one occurs with the increase of the number
of atoms in the BEC, N . The analysis also shows a
drastic asymmetry between blue- and red-detuned OLs—
namely, stable solitons do not emerge in the latter case.
In this connection, it is relevant to mention that the
trapping of BEC in OL potentials provides a versatile
platform for the creation of lattice solitons [2, 10] and
the investigation of underlying mathematical structures
[11]. The use of matter-wave lattice solitons as a high-
density source for atomic interferometry has been stud-
ied in mean-field and quantum regimes [12]. Using the
solitons for the design of quantum memory and switch-
ing was proposed too [13]. Lattice solitons (alias gap
solitons) have been created in a nearly-one-dimensional
(1D) condensate of 87Rb with repulsive inter-atomic in-
teractions [14]. Note that, although the gap solitons are,
generally, dynamically stable modes, they do not repre-
sent the GS of the interacting BEC trapped in the OL.
Nonlinear OLs, created by a spatially-periodic modu-
lation of the Feshbach resonance, have been proposed too
[15]. Similar nonlinear lattices can be created in optical
media by dint of the electromagnetically-induced trans-
parency [16]. Studies of solitons in nonlinear lattices is
an active topic in photonics and matter-wave optics [17].
However, the LFE has not yet been addressed in the stud-
ies of matter-wave solitons in OLs. The photon-atomic
solitons generated by the LFE, which are introduced be-
low, i.e., localized matter-waves modes coupled to local
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deformations of the underlying OL, are somewhat sim-
ilar to polariton-exciton solitons in plasmonics [18, 19].
They represent the GS of the system and are thus basi-
cally different from the OL-supported gap solitons in the
self-interacting BEC.
We consider the atomic BEC irradiated by counter-
propagating optical fields E1 and E2 with common fre-
quency ω. If ω is far detuned from the electronic tran-
sition frequency of atoms, the condensate wave function
Φ (R, T ) obeys the Gross-Pitaevskii equation [7],
iℏ
∂Φ
∂T
=
[
−ℏ
2∇2
2m
+
|d·E|2
ℏ∆
]
Φ, (1)
where d is transition matrix element, ∆ is the detuning,
and normalization
∫ |Φ|2 dr = 1 is imposed. Direct in-
teractions between atoms are disregarded here, to focus
on interaction mechanisms induced by the LFE. Exper-
imentally, the s-wave scattering length can be tuned to
nearly zero by means of the Feshbach resonance tech-
nique [21, 22]. The vectorial optical field E obeys the
wave equation,
n2
c2
∂2E
∂T 2
−∇2E = 0, (2)
with c the light speed in vacuum, and the re-
fraction index of the condensate, n(R, T ) =√
1−Nd2/(ε0ℏ∆) |Φ (R, T )|2, which provides for
the feedback of the condensate onto the propagation of
the electromagnetic field.
We focus on the 1D situation, assuming that the
matter wave is confined, with radius w⊥, in the
transverse plane with radial variable R⊥, i.e., Φ =(
piw2⊥
)−1/2
Ψ˜(X,T ) exp
[−R2⊥/(2w2⊥)]. The confinement
may be provided by the magnetic trap, or an optical
one making use of a wavelength different from the OL-
building one. Due to negligible light scattering in the
transverse direction for optical fields with a transverse
width far larger than the condensate width [20], we omit
the transverse variation of the field and assume it polar-
ized in the z direction, E (R, T ) = E˜(X)eze
−iωT , where
E˜ is a slowly varying amplitude. Then, multiplying Eqs.
(1) and (2) by Φ2 and integrating the result in the trans-
verse plane, we derive the coupled 1D equations,
i
∂Ψ
∂t
= − ∂
2
∂x2
Ψ(x, t) +
V0
4
|E|2Ψ, (3)
2i
n2ωr
ω
∂E
∂t
+
∂2
∂x2
E + n2E = 0, (4)
with rescaling E (x, t) = E˜ (X,T ) /E1, Ψ (x, t) =
Ψ˜ (X,T )/
√
kL, x = kLX , t = ωrT , V0 =
2d2I1/(ℏ
2∆ε0cωr), ωr = ℏk
2
L/(2m). Here I1 and kL are
the intensity and wavenumber of the incident field, E1,
and n ≈
√
1−Nα
∣∣∣Ψ˜(X,T )∣∣∣2 with α ≡ d2/(piε0ℏ∆w2⊥).
Since the atomic motion is nonrelativistic (n2ωr/ω ∼
10−13), one may drop the first term in Eq. (4), assuming
that the incident light has the form of a long pulse in
the temporal direction. Then, a solution to Eq. (4) is
a superposition of counterpropagating waves with slowly
varying amplitudes and phase shifts [23],
E = n−1/2
{
A+ exp [i (x+ δφ)] +A− exp [−i (x+ δφ)]} ,
(5)
where δφ =
∫ x
0
[√
1− kLNα |Ψ|2 − 1
]
dx, and ampli-
tudes A+ and A− of the right- and left-propagating
waves obey equations ∂A±/∂x = S∓A∓ with S± ≡
(2n)−1 (dn/dx) exp[±2i(x + δφ)]. As shown in Ref. [8],
the approximation based on Eqs. (5) agrees well with
underlying equation (4).
We now focus on the basic case with I1 = I2, i.e.,
A+ =
√
I+eiθ
+
and A− =
√
I+eiθ
+−iδθ , with phase dif-
ference δθ. Seeking for stationary solutions to Eq. (3)
as Ψ (x, t) = Ψ (x) e−iµt, and making use of Eq. (5), one
obtains
µΨ = −Ψ′′ + [V0 cos2 (x) + δV (x)]Ψ, (6)
in which the LFE-induced potential, added to
the conventional lattice potential, is δV (x) =
V0I
+n−1 cos2 (x+ δφ+ δθ/2) − V0 cos2 x. For typical
physical parameters of the system (which are given be-
low), an estimate yields kLα ∼ 10−6, hence δφ and δθ
are small, and the potential may be approximated by
δV (x) ≈ δV appr = δV def(x)+δV nonloc(x)+δV SI(x). (7)
Here, the term induced by the deformation of the field
envelope is
δV def = V0δI
+ cos2 x, (8)
with δI+ ≡ I+ − 1; the nonlocal interaction potential is
δV nonloc = −(1/2)V0I+ sin (2x) sin (δΘ) , (9)
with δΘ ≡ 2δφ + δθ being the phase difference between
the right- and left-traveling electromagnetic waves in-
duced by the LFE; and
δV SI = γI+
(
cos2 x
) |Ψ|2 (10)
represents the effective spatially modulated self-
repulsion of the condensate, whose strength is pe-
riodically modulated in space, with amplitude γ =
Nd4kLI1/(picε
2
0ℏ
3w2⊥wr∆
2).
Without terms δV nonloc and δV SI, Eq. (6) features
a combination of the linear and nonlinear OLs, hence
lattice solitons [2, 10, 17] may be expected in this set-
ting. However, the deformation of the OL is a part of
the present setting, i.e., the nonlocal and deformation
potentials make the situation different from the straight-
forward combination of the linear and nonlinear OLs.
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FIG. 1: The chemical potential of the numerically found
ground state vs. the number of atoms, N . The inset shows
details for relatively small values of N .
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FIG. 2: (Color online) Wave functions of loosely bound
ground states for different numbers of atoms .
To produce accurate results, we solved Eqs. (3) and (4)
numerically, with parameters taken for transition 52S1/2
→ 52P3/2 in 87Rb, blue detuning ∆ = +2 GHz, trans-
verse radius 10 µm, and V0 = 10 (the OL strength mea-
sured in units of the recoil energy), which corresponds to
optical intensity I1 = 10.26 mW/cm
2. Chemical poten-
tial µ of the so found GS is plotted as a function of N
in Fig. 1. When N is large (N & 2 × 105), µ decreases
almost linearly with N , the situation being different at
smaller N . Note that a similar linear dependence be-
tween µ and N occurs for solitons of the 1D nonlinear
Schro¨dinger equation with the nonlinearity of power 7/3,
which occurs in some settings for interacting fermionic
[27] and bosonic [28] gases. In contrast, for usual gap
solitons µ is a growing, rather than decreasing, function
of N [10], although a combination of linear and nonlinear
OLs may change this [25].
When N is relatively small, the numerically found GS
is loosely bound, featuring slowly decaying spatial undu-
lations, as shown in Fig. 2 for N = 105 and 2 × 105.
In contrast, for larger N , such as 3 × 105and 6 × 105,
which correspond to the nearly linear µ(N) curve in Fig.
1, the GS is found in the form of stable tightly-bound
solitons, see Fig. 3. The range of values of N considered
here is realistic, as BEC can be readily created with N
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FIG. 3: (Color online) The ground-state wave functions for
larger N than in Fig. 2, in the form of tightly bound solitons.
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FIG. 4: The deformation of the envelope of the right-traveling
electromagnetic wave for different values of N .
up to ∼ 108 [26]. A closer inspection of the profiles of
the loosely and tightly bound modes demonstrates that,
although undulating, they never cross zero (unlike gap
solitons in the model with the fixed OL), which corrobo-
rates that they are GSs. The stability of the modes has
been verified by simulations of their evolution within the
framework of Eqs. (3) and (4). It is relevant to note that
the gradual transition from the loosely to tightly bound
GS is similar to the transformation of solitons reported in
Ref. [24], where the effective interaction between bosons
was modified by admixing fermions to the system.
Further simulations of Eqs. (3) and (4) demonstrate
that the photon-atomic solitons are immobile (they ab-
sorb a suddenly applied kick), which is explained by the
fact that they are pinned to the underlying OL. In that
sense, they are similar to discrete solitons pinned to the
underlying lattice [29].
The deformation of the envelope of the right-traveling
electromagnetic wave, δI+, which is a photonic compo-
nent of the GS, is plotted in Fig. 4. Local peaks of
the intensity appear at x = 2npi + pi/2 (with integer
n), coinciding with local maxima of the density in the
matter-wave component, cf. Figs. 2 and 3. Thus, the
GS is indeed a coupled self-trapped photon-atomic mode
(a “symbiotic” one, cf. this concept developed for soli-
tons in other settings [30]).
To further illustrate the intrinsic structure of the soli-
tons, the deviation of the effective LFE-affected potential
3
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FIG. 5: (Color online) The numerically found LFE-induced
potential,δV for N = 105 and 2 × 105 (a), and N = 3 × 105
and 6× 105 (b). The approximate potential δV appr, given by
Eq. (7), is shown, for N = 2× 105 and 6× 105, by the dotted
lines.
from the periodic one induced by the unperturbed OL,
δV (x), is plotted in Figs. 5(a) and 5(b). The figures fea-
ture a self-sustained “valley” in the central region, super-
imposed on the nearly-periodic potential. Note that mod-
ulated potentials, unlike strictly periodic ones, can main-
tain localized states, a well-known example being the An-
derson localization in quasi-periodic potentials [31]. This
analogy helps to understand the trapping of the atomic
wave function in the soliton. The valley becomes nar-
rower with the increase ofN , leading to the tighter bound
modes.
To check how well the full numerically found distortion
of the potential, δV (x), is fitted by approximation δV appr
given by Eq. (7), we plot δV appr(x) for N = 2 × 105
and 6 × 105 in Fig. 5, which shows a negligible differ-
ence between δV and δV appr. Further, the relation of
the envelope-deformation, nonlocal-interaction, and self-
interaction potential terms, δV def , δV nonloc, and δV SI,
in the approximate potential to the atom number is pre-
sented in Fig. 6. When N is small, δV nonloc is the
dominant term. It features the above-mentioned cen-
tral “valley” which supports the loosely bound GS wave
function. With the increase of N , the shape of the po-
tentials simplifies, the “valley” shrinks, and terms δV def
and δV SI, featuring a trapping region, quickly grow. Be-
ing strongly localized, they maintain tightly bound GS
wave functions, as seen in Fig. 3.
Additional analysis demonstrates that, quite naturally,
the self-trapped modes do not exist if direct repulsive
interactions between atoms dominate over the LFE, and,
on the other hand, the usual mechanism of the formation
of 1D solitons [32] supplants the LFE if direct attractive
interactions are strong enough. However, the Feshbach-
resonance technique makes it possible to reduce the direct
interactions [21, 22], if necessary, and thus allow the LFE-
based mechanism to manifest itself.
In the case of the red detuning of the electromagnetic
waves (∆ < 0), the same model does not produce soli-
tons. In this case, the nonlinear potential term δV SI
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FIG. 6: The potential terms accounting for the envelope-
deformation effect, δV def , the effective nonlocality, δV nonloc,
and the light-induced self-interaction, δV SI, are shown for dif-
ferent N .
and the linear OL potential are in competition (recall
that the sign of γ ∼ ∆−2 is independ on the sign of ∆,
unlike V0 ∼ ∆−1), which hampers the creation of mat-
ter wave solitons. Simultaneously, a “potential barrier”,
rather than a trap, is generated for optical fields in the
Helmholtz equation (2) by the condensate refraction in-
dex n ≥ 1, prohibiting the creation of solitons.
In conclusion, we have studied the interaction of the
collisionless BEC with counterpropagating optical waves,
including the LFE (local-field effect), which deforms the
potential of the “soft” OL. This effect leads to the defor-
mational and nonlocal-interaction potentials, along with
the self-repulsive interaction. The so induced nonlinear-
ity, acting along with the linear OL, gives rise to stable
photon-atomic solitons, which realize the ground state
of the system, provided that the light is blue-detuned
from the atomic transition. The increase of the number
of atoms leads to the transition from loosely bound to
tightly bound solitons. It may be interesting to extend
the analysis by constructing bound complexes of such
solitons, and generalizing the analysis to the 2D setting.
These findings add to recent results demonstrating the
potential of the LFE for generating novel physical phe-
nomena, such as non-classical matter-wave and photonic
states [33], and “photon bubbles” (which are of great in-
terest to astrophysics), predicted through the interaction
of diffuse light with BEC via the LFE in a magneto-
optic trap [34]. Further, the deformation of the OL by
the LFE is akin to “irregular” gratings observed in asym-
metric super-radiance of matter waves for blue- and red-
detuned settings [35], while the conventional superradi-
ance theory [36] assumes a regular OL. Thus, the theory
may be extended to explore the super-radiance of mat-
ter waves. The LFE was recently investigated too in the
framework of thermal molecular dynamics [4], suggesting
a possibility to generate thermal photon-atomic solitons
4
in that context.
This work was supported by the National Basic Re-
search Program of China (973 Program) under Grants
No. 2011CB921604 and 2011CB921602, the National
Natural Science Foundation of China under Grants No.
10874045, 11234003, 11034002 and 10828408, and the
Program of Introducing Talents of Discipline to Univer-
sities (B12024)”, as well as Research Fund for the Doc-
toral Program of Higher Education of China under grant
No. 20120076110010. J. Zhu acknowledges Ministry Re-
ward for Excellent Doctors in Academics of ECNU under
Grant No. MXRZZ2011007. B.A.M. appreciates hospi-
tality of the Departments of Physics at the East China
Normal University and Shanghai Jiaotong University.
[1] C. S. Adams, M. Sigel, and J. Mlynek, Phys. Rep. 240,
143(2003)
[2] O. Morsch and M. Oberthaler, Rev. Mod. Phys. 78, 179
(2006); I. Bloch, J. Dalibard, and W. Zwerger, ibid 80,
885 (2008); S. Giorgini, L. P. Pitaevskii, and S. Stringari,
ibid 80, 1215 (2008).
[3] G. J. Dong, W. P. Lu, and P. F. Barker, Phys. Rev. A
69, 013409 (2004); J. Chem. Phys. 118, 1728 (2003); P.
F. Barker and M. N. Shneider, Phys. Rev. A 66, 065402
(2002); ibid. 64, 033408 (2001); R. Fulton, A. I. Bishop,
M. N. Shneider, P. F. Barker, Nature Phys. 2, 465 (2006).
[4] M. N. Shneider and P. F. Barker, Opt. Commun. 284,
1238 (2011)
[5] G. Grynberg and C. Robilliard, Phys. Rep. 355,
335(2001)
[6] N. K. Efremidis, S. Sears, D. N. Christodoulides, J. W.
Fleischer, and M. Segev, Phys. Rev. E 66, 046602 (2002);
J. W. Fleischer, M. Segev, N. K. Efremidis, and D.
N. Christodoulides, Nature (London) 422, 147 (2003);
N. K. Efremidis, J. Hudock, D. N. Christodoulides, J.
W. Fleischer, O. Cohen, and M. Segev, Phys. Rev.
Lett. 91, 213905 (2003); D. Neshev, E. Ostrovskaya, Y.
Kivshar, and W. Kro´likowski, Opt. Lett. 28, 710 (2003);
D. Neshev, T. J. Alexander, E. A. Ostrovskaya, Y. S.
Kivshar, H. Martin, I. Makasyuk, and Z. Chen, Phys.
Rev. Lett. 92, 123903 (2004); J. W. Fleischer, G. Bar-
tal, O. Cohen, O. Manela, M. Segev, J. Hudock, and
D. N. Christodoulides, ibid. 92, 123904 (2004); R. Fis-
cher, D. Tra¨ger, D. N. Neshev, A. A. Sukhorukov, W.
Kro´likowski, C. Denz, and Y. S. Kivshar, ibid. 96, 023905
(2006); P. Rose, T. Richter, B. Terhalle, J. Imbrock, F.
Kaiser, and C. Denz, Appl. Phys. B 89, 52 (2007); B.
Terhalle, T. Richter, K. J. H. Law, D. Gories, P. Rose,
T. J. Alexander, P. G. Kevrekidis, A. S. Desyatnikov,
W. Kro´likowski, F. Kaiser, C. Denz, and Y. S. Kivshar,
Phys. Rev. A 79, 043821 (2009).
[7] W. Zhang and D.Walls, Phys. Rev. A 49, 3799 (1994); G.
Lenz, P. Meystre, and E. Wright, ibid. 50, 1681 (1994); Y.
Castin and K. Molmer, ibid. 51, R3426 (1995); H. Wallis,
ibid 56, 2060 (1997); K. V. Krutitsky, F. Burgbacher, and
J. Audretsch, ibid 59, 1517 (1999).
[8] J. Zhu, G. J. Dong, M. N. Shneider, and W. P. Zhang,
Phys. Rev. Lett. 106, 210403 (2011).
[9] K. Li, L. Deng, E. W. Hagley, M. G. Payne, and M. S.
Zhan, Phys. Rev. Lett. 101, 250401 (2008).
[10] A. Trombettoni, and A. Smerzi, Phys. Rev. Lett. 86,
2353 (2001); F. Kh. Abdullaev, B. B. Baizakov, S. A.
Daranyan, V. V. Konotop, and M. Salerno, Phys. Rev.
A 64, 043606 (2001); V. A. Brazhnyi and V. V. Konotop,
Mod. Phys. Lett. B 18, 627 (2004); B. A. Malomed, D.
Mihalache, F. Wise, and L. Torner, J. Optics B: Quant.
Semicl. Opt. 7, R53 (2005).
[11] J. Yang, Nonlinear Waves in Integrable and Noninte-
grable Systems (SIAM: Philadelphia, 2010); D. E. Peli-
novsky, Localization in Periodic Potentials (Cambridge
University Press: Cambridge, UK, 2011).
[12] S. Potting, O. Zobay, P. Meystre, E. M. Wright, J. Mod.
Opt. 47, 2653 (2000); B. J. Dabrowska, E. A. Ostro-
vskaya, and Y. S. Kivshar, J. Optics B: Quant. Semicl.
Opt. 6, 423 (2004); N. Veretenov, Yu. Rozhdestvenskaya,
N. Rosanov, V. Smirnov, and S. Fedorov, Eur. Phys. J.
D 42, 455 (2007); T. P. Billam, S. L. Cornish, and S. A.
Gardiner, Phys. Rev. A 83, 041602(R) (2011); U. London
and O. Gat, ibid. 84, 063613 (2011); B. Gertjerenken,
T. P. Billam, L. Khaykovich, and C. Weiss, ibid.A 86,
033608 (2012); B. Gertjerenken and C. Weiss, J. Phys.
B: At. Mol. Opt. 45, 165301 (2012); A. D. Martin and
J. Ruostekoski, New J. Phys. 14, 043040 (2012); T. P.
Billam, A. L. Marchant, S. L. Cornish, S. A. Gardiner,
and N. G. Parker, arXiv:1209.0560.
[13] V. Ahufinger, A. Mebrahtu, R. Corbalan and A. Sanpera,
New J. Phys. 9, 4 (2007).
[14] B. Eiermann, Th. Anker, M. Albiez, M. Taglieber, P.
Treutlein, K.-P. Marzlin, and M. K. Oberthaler, Phys.
Rev. Lett. 92, 230401 (2004).
[15] H. Sakaguchi and B. A. Malomed, Phys. Rev. E 72,
046610 (2005); G. Fibich, Y. Sivan, and M. I. Wein-
stein, Physica D 217, 31 (2006); J. Belmonte-Beitia, V.
M. Pe´rez-Garc´ıa, V. Vekslerchik, and P. J. Torres, Phys.
Rev. Lett. 98, 064102 (2007); G. J. Dong and B. Hu,
Phys. Rev. A 75, 013625 (2007); L. C. Qian, M. L. Wall,
S. Zhang, Z. Zhou, and H. Pu, ibid. 77, 013611 (2008); T.
Mayteevarunyoo, B. A. Malomed, and G. Dong, ibid. 78,
053601 (2008); C. Wang, P. G. Kevrekidis, N. Whitaker,
D. J. Frantzeskakis,S. Middelkamp, and P. Schmelcher,
Physica D 238, 1362 (2009); Y. V. Kartashov, B. A.
Malomed, V. A. Vysloukh, and L. Torner, Opt. Lett. 34,
3625 (2009).
[16] C. Hang, V. V. Konotop, and G. Huang, Phys. Rev. A
79, 033826 (2009).
[17] Y. V. Kartashov, B. A. Malomed, and L. Torner, Rev.
Mod. Phys. 83, 247 (2011).
[18] E. Feigenbaum and M. Orenstein, Opt. Lett. 32, 674
(2007); A. V. Gorbach and D. V. Skryabin, Phys. Rev.
A 79, 053812 (2009); K. Y. Bliokh, Y. P. Bliokh, and A.
Ferrando, ibid. 79, 041803 (2009); E. V. Kazantseva and
A. I. Maimistov, ibid. 79, 33812 (2009); A. R. Davoyan,
I. V. Shadrivov, and Y. S. Kivshar, Opt. Exp. 17, 21732
(2009); A. Marini, D. V. Skryabin, and B. Malomed, ibid.
19, 6616 (2011); F. W. Ye, D. Mihalache, B. B. Hu, and
N. C. Panoiu, Opt. Lett. 36, 1179 (2011).
[19] P. Berini, Adv. Opt. Phot. 1, 484 (2009); M. I. Stockman,
Opt. Exp. 19, 22032 (2011); H. M. Gibbs, G. Khitrova,
and S. W. Koch, Nature Photonics 5, 275 (2011); M.
Kauranen and A. V. Zayats, ibid. 6, 737 (2012).
[20] W. P. Zhang, D. F. Walls, and B. C. Sanders, Phys. Rev.
Lett. 72, 60 (1994)
5
[21] M. Fattori et al., Phys. Rev. Lett. 100, 080405 (2008)
[22] M. Gustavsson et al., Phys. Rev. Lett. 100, 080404
(2008)
[23] S. Yu. Karpov and S. N. Stolyarov, Usp. Fiz. Nauk 163,
63(1993)
[24] T. Karpiuk, M. Brewczyk, S. Ospelkaus-Schwarzer, K.
Bongs, M. Gajda, and K. Rzazewski, Phys. Rev. Lett.
93, 100401 (2004)
[25] H. Sakaguchi and B. A. Malomed, Phys. Rev. A 81,
013624 (2010); J. Zeng and B. A. Malomed, Physica
Scripta T149, 014035 (2012).
[26] K. M. van der Stam, E. D. van Ooijen, R. Meppelink, J.
M. Vogels, and P. van der Straten, Rev. Sci. Instrum. 78,
013102 (2007).
[27] Y. A. Kim and A. L. Zubarev, Phys. Rev. A 70, 033612
(2004); N. Manini and, L. Salasnich, Phys. Rev. A 71,
033625 (2005); S. K. Adhikari, ibid. 73, 043619 (2006);
A. Bulgac, ibid. 76, 040502(R) (2007); S. Adhikari and
B. A. Malomed, Physica D 238, 1402 (2009); P. Dı´az, D.
Laroze, I. Schmidt, and B. A. Malomed, J. Phys. B: At.
Mol. Opt. Phys. 45, 145304 (2012).
[28] L. Salasnich and B. A. Malomed, Phys. Rev. A 79,
053620 (2009).
[29] P. G. Kevrekidis, The Discrete Nonlinear Schro¨dinger
Equation: Mathematical Analysis, Numerical Computa-
tions, and Physical Perspectives (Springer: Berlin and
Heidelberg, 2009).
[30] Y. S. Kivshar, D. Anderson, A. Ho¨o¨k, M. Lisak, A. A.
Afanasjev, and V. N. Serkin, Physica Scripta 44, 195
(1991); I. M. Uzunov, Opt. Commun. 83, 108 (1991);
V. M. Pe´rez-Garc´ıa and J. B. Beitia, Phys. Rev. A 72,
033620 (2005); S. K. Adhikari, Phys. Lett. A 346, 179
(2005); T. C. Lin and J. C. Wei, Nonlinearity 19, 2755
(2006); S. Adhikari and B. A. Malomed, Phys. Rev. A.
77, 023607 (2008); K. J. H. Law, P. G. Kevrekidis, and L.
S. Tuckerman, Phys. Rev. Lett. 105, 160405 (2010); R.
Dong, C. E. Ru¨ter, D. Kip, J. Cuevas, P. G. Kevrekidis,
D. H. Song, and J. J. Xu, Phys. Rev. A 83, 063816 (2011);
Y. Cheng and S. K. Adhikari, ibid. 84, 023632 (2011); A.
Balazˇ and A. I. Nicolin, ibid. A 85, 023613 (2012); B. A.
Malomed, D. J. Kaup, and R. A. Van Gorder, Phys. Rev.
E 85, 026604 (2012).
[31] S. Aubry and G. Andre´, Ann. Israel Phys. Soc. 3, 133
(1980); Y. G. Sinai, J. Stat. Phys. 46, 861 (1987);
H. Schulz-Baldes and J. Bellissard, Rev. Math. Phys.
10, 1 (1998); T. Schulte, S. Drenkelforth, J. Kruse, R.
Tiemeyer, K. Sacha, J. Zakrzewski, M. Lewenstein, W.
Ertmer, and J. J. Arlt, New J. Phys. 8, 230 (2006); G.
Roati, C. D’Errico, L. Fallani, M. Fattori, C. Fort, M.
Zaccanti, G. Modugno, M. Modugno, and M. Inguscio,
Nature 453, 895 (2008); M. Modugno, New J. Phys. 11,
033023 (2009); G. Roux, T. Barthel, I. P. McCulloch, C.
Kollath, U. Schollwock, and T. Giamarchi, Phys. Rev. A
78, 023628 (2008); S. K. Adhikari and L. Salasnich, ibid.
80, 023606 (2009); X. Deng, R. Citro, E. Orignac, and
A. Minguzzi, Eur. Phys. J. B 68, 435 (2009); B. Deissler,
M. Zaccanti, G. Roati,C. D’Errico, M. Fattori, M. Mod-
ugno, G. Modugno, and M. Inguscio, Nature Phys. 6,
354 (2010); L. Levi, M. Rechtsman, B. Freedman, T.
Schwartz, O. Manela, and M. Segev, Science 332, 1541
(2011).
[32] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R.
G. Hulet, New J. Phys. 5, 73 (2003); V. A. Brazhnyi and
V. V. Konotop, Mod. Phys. Lett. B 18, 627 (2004); F.
Kh. Abdullaev, A. Gammal, A. M. Kamchatnov, and L.
Tomio, Int. J. Mod. Phys. B 19, 3415 (2005); B. A. Mal-
omed, D. Mihalache, F. Wise, and L. Torner, J. Optics
B: Quant. Semicl. Opt. 7, R53 (2005).
[33] I. B. Mekhov and H. Ritsch, Phys. Rev. A 80, 013604
(2009); Laser Physics 19, 610 (2009)
[34] J. T. Mendonca and R. Kaiser, Phys. Rev. Lett. 108,
033001 (2012).
[35] L. Deng, E. W. Hagley, Q. A. Cao, X. R. Wang, X. Y.
Luo, R. Q. Wang, M. G. Payne, F. Yang, X. J. Zhou, X.
Z. Chen, and M. S. Zhan, Phys. Rev. Lett. 105, 220404
(2010).
[36] O. Zobay and G. M. Nikolopoulos, Phys. Rev. A 72,
041604 (R) 2005; Phys. Rev. A 73, 013620 (2006); L.
Deng, M. G. Payne, and E. W. Hagley, Phys. Rev. Lett.
104, 050402 (2010).
6
